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Notation: N = {1,2,3,...}-the set of natural numbers. R-the set of real numbers.

(1) Show that the set of functions f : N — {1, 2} satisfying f(i) < f(j) forall 1 <i < j,

is countable. [15]
(2) Show that the set of natural numbers is unbounded. Use this and prove the
Archimedean property for real numbers. [15]

(3) Let {hp}n>1 be the sequence of real numbers defined recursively by: h; = 1 and
hy = hp_1 + % for n > 2. Show that the sequence {h;,},>1 is not bounded. (Hint:

1,11 1.1, 1,1 ,11,1,1,1

§+1>1+1,g+g+7+g>g+g+g+getc.) ‘ [15]
(4) Let {cn}n>1 be a sequence of non-zero real numbers converging to a non-zero real

number a. Show that i converges to % [15]

(5) Let {zp}n>1 be a bounded sequence and L be its set of limit points. Let {an}n>1
be a sequence with a,, € L for every n. Suppose {ay }n>1 converges to b. Show that
be L. [15]
(6) Let {an}n>1 be a bounded sequence of real numbers satisfying a, > 1 for all n > 1.
Prove or disprove the following statements:
(i) imsup,,_,oo(@nt1 — an) = 0.
(11) lim Supn%oo(a%) = (111’11 SUPy— 00 an)Q‘
(iii) lim supn_mo(i) = m
[15]
(7) Obtain a bounded sequence whose set of limit points is given by

{O}U{% > 1),

Prove your claim. [15]



